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Abstract
We use continued functions to determine the universal critical exponents that describe the continuous
phase transitions in different dimensions of space.
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1. Introduction
Perturbation methods [1, 2] are the most commonly used techniques in condensed matter physics
to obtain theoretical results comparable with experimentally obtained values. The desired quantity
is calculated as a power series of a small perturbation parameter associated with the system, and
generally the level of computational complexity to calculate the quantity increases at higher powers.
These series turn out to be typically divergent even for small perturbation parameters. Pade´ ap-
proximants [3] and Borel summation [4, 5, 6] are the most commonly used tools to extract sensible
finite values from the divergent perturbation series, but they cannot be reasonably used in all cases
[7, 8]. Taylor series have slow convergence and in general have a divergent behaviour outside their
radius of convergence [9]. Whereas continued functions can have accelerated convergence and in
some cases remarkable convergent properties even outside their radius of convergence. So we use a
simple method of obtaining the values by converting the series into an asymptotic continued expo-
nential [10, 11] (or an iterated Euler exponential [12]) and other continued functions. This method
is analogous to self-similar exponential approximants [7] and other self-similar approximants [8]. We
implement it on standard textbook examples of quartic anharmonic oscillator [13, 14] (Sec.2) and
universal critical exponents of continuous phase transition [4, 15] (Sec.3).
2. Energy eigenvalues of anharmonic quartic oscillator
Bender and Wu extensively studied the perturbative nature of the energy eigen values of anhar-
monic oscillator (AO) [13, 14] with potential V (x)=x2/2 + λx4, where λ is the coupling. They used
WKB method and obtained the energy of an AO at level n′ as
E(λ, n′) =
∞∑
i=0
εi(λ)
i (1)
where εi depend on n
′. These coefficients εi can be easily calculated from recursive relations derived
by Swenson and Danforth using hypervirial theorems and Hellman-Feynman theorem [16]. We
convert this power series (PS) into a continued exponential (CE) such that
∞∑
i=0
εi(λ)
i ∼ b0 exp(b1λ exp(b2λ exp(b3λ exp(b4λ · · · )))). (2)
The coefficients bi(n
′) are obtained by Taylor expansion of CE and relating them with the pertur-
bation coefficients εi(n
′) for different values of n′ up to i = 9. The partial sums for the CE are given
by sequence of approximants
B1 = b0 exp(b1λ), B2 = b0 exp(b1λ exp(b2λ)), · · · .
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The partial sums for the PS, CE and their iterated Shanks transformations S(Bi) and S
2(Bi) can be
observed in table 1 for E(5×10−5, 1000). Shanks transformations [9] and their iterations are defined
as
S(Bi) =
Bi+1Bi−1 −B2i
Bi+1 +Bi−1 − 2Bi
and
S2(Bi) =
S(Bi+1)S(Bi−1)− S(B2i )
S(Bi+1) + S(Bi−1)− 2S(Bi) .
We can observe that the partial sums of CE converge rapidly than the partial sums of PS. Shanks
Table 1: E(5× 10−5, 1000)
Order Partial sums of PS Bi S(Bi) S
2(Bi)
6 1067.0600890194 1067.1189448477 1067.1212751537 1067.1212725998
7 1067.1513304189 1067.1211832839 1067.1212726649 1067.1212726182
8 1067.1059552137 1067.1211832839 1067.1212726649 -
9 1067.1293065848 1067.1212902342 - -
transformation is used to converge the sequence of partial sums more rapidly. The iterated Shanks
transforms S2(B6) and S
2(B7) provide an upper and lower bound to the exact value of the energy
with a numerical accuracy of up to 10−11. We compare our values with most accurate results in
literature [17, 18] in tables 2 and 3.
Table 2: Energy eigenvalues of AO. For different λ and the corresponding n′, the first line shows the iterated Shanks
S2(B6) and the second line S
2(B7). The third line are the values obtained by Hioe and Montroll [17].
λ E(λ, 3) E(λ, 4) E(λ, 7) E(λ, 8) E(λ, 10)
0.002
3.5367441335513979
3.5367441335513987
3.53674413
4.5599555573003403
4.5599555573003441
4.55995556
7.66275932552212
7.66275932552222
7.66275933
8.70781730062025
8.70781730062051
8.70781730
10.813668943949
10.813668943950
-
0.01
3.6710949419
3.6710949422
3.67109494
4.7749131177
4.7749131188
4.77491312
8.215837807
8.215837814
8.21583781
9.4026923191
9.4026923163
9.40269231
11.8314011
11.8314009
-
Table 3: Energy eigenvalues of AO for modest n′ regime. For different λ and the corresponding n′, the first line
shows the iterated Shanks S2(B6) and the second line S
2(B7). The third line are the values obtained by Banerjee
[18]. Also λ (our value) = 12λ (Banerjee), E (our value) =
1
2E (Banerjee).
λ× 10−6 E(λ, 10) E(λ, 100) E(λ, 1000)
5
10.50082862593945761
10.50082862593945714
10.5008286259394
100.575646185620180754
100.575646185620180728
100.57564618562
1007.9039292066372470
1007.9039292066372472
1007.90392920663
50
10.50827512652125087790
10.50827512652125087755
10.5082751265213
101.247039929621152367
101.247039929621152385
101.247039929621
1067.1212725998
1067.1212726182
1067.12127261610
3. Critical exponents from O(n)-symmetric φ4 field theory
Similar analogy of perturbation theory is used to solve for the universal critical exponents which
describe the behaviour of critical phenomena, using the perturbative renormalization and -expansion
[1]. The characteristic length scale in critical phenomena is ξ, correlation length which captures the
singular nature of the thermodynamic quantities close to the critical temperature (T → Tc). The
critical exponents ν and ω control the behaviour of the ξ as [19]
ξ ∼ t−ν(1 + const.t−ω + ...) (3)
2
where t ∼ |T −Tc|. The critical exponents for n-component field were derived in the PS of  = 4−d,
where d is the dimensions of space and the coefficients of PS are functions of n. We convert the PS
of 1/ν into a CE as in eq.(2) up to i = 5, obtained using the 5-loop  expansions in books [4, 15].
For 0 ≤ n < 3 the Shanks iteration S2(1/B3) is obtained as the the value of ν for the sequence of
approximants 1/B1,1/B2,· · · ,1/B5. For n > 3 since the oscillating sequence of sums converge more
rapidly from one side, the Shanks S ′(1/B3) for 1/B1,1/B3 and 1/B5 is used as shown in the figure
(Partial sums and Shanks). Since the PS of ω does not have i = 0 coefficient we convert it into a
continued fraction (CF) ∑
i=1
fi()
i ∼ h1
h2
h3
h4
h5··· +1
+1
+1
+ 1
. (4)
The coefficients hi(n) are computed from fi(n) up to i = 5 (Appendix E) and the approximants
H1 = h1,H2 =
h1
h2+ 1
, H3 =
h1
h2
h3+1
+ 1
, H4 =
h1
h2
h3
h4+1
+1
+ 1
, H5 =
h1
h2
h3
h4
h5+1
+1
+1
+ 1
(5)
and Shanks S(H4) are used to obtain the value of ω. Josephson’s identity, 2 − α = dν is used to
obtain the critical exponent α. Similar to ν from the PS of η, we obtain critical exponents γ and β
using Fisher’s identity, γ = (2− η)ν and Rushbrooke’s identity, α+ 2β+γ = 2. The obtained values
of critical exponents ν, α, ω, γ and β for d = 3, 0 ≤ n ≤ 3 are compared with other theoretical and
experimental (exp) values in table 4. 1/B4 and 1/B5 seem to provide a boundary for the different
experimental and theoretical values of ν and α, while S(H4) and H5 are comparable with different ω
values. Most exponent values seem to be comparable with the literature but we obtain wrong value
for the most accurately measured exponent α = −0.0127± 0.0003 [20] for n = 2 which controls the
specific heat (at constant volume, Cv) at critical temperature as Cv ∼ t−α. To get a better accuracy
we convert PS of 1/ν into a blended continued function, continued exponential fraction (CEF)
k0 exp

1
1 + k1 exp
 1
1+k2 exp
 1
1+k3 exp( 11+···)



(6)
3
which seems to have better convergence. The approximants obtained from the CEF
K1 = k0 exp
(
1
1 + k1
)
, K2 = k0 exp
 1
1 + k1 exp
(
1
1+k1
)
 , · · · (7)
are used to obtain Shanks iteration S2(1/K3) as the value for ν and α. We obtain narrower boundary
with CEF approximants 1/K4 and 1/K5 and better accuracy for α = −0.0194 (n = 2) which is
comparable with the experimental value. Similarly the values of critical exponents for d = 3 with
n < 0 and n > 3 are compared with other theoretical results in table 5.
Table 4: Critical exponents ν,α ((1/B4, 1/B5)S
2(1/B3) shown in first line and (1/K4, 1/K5)S
2(1/K3) shown in second
line), ω (S(H4),H5), γ and β compared with literature [5, 6, 15, 19, 21, 22, 23, 4, 24, 25, 26, 27, 28, 29] for d = 3,
0 ≤ n ≤ 3.
n ν α ω γ β
0
(0.5967,0.5792)0.5875
(0.5894,0.5905)0.5902
0.586±0.004 [15] (exp)
0.588±0.001 [22, 23]
0.5886 [21]
0.592 [4]
0.589 [24, 25]
0.5880±0.0015 [26, 27, 28]
0.5885±0.0025 [6]
(0.2100,0.2624)0.2374
(0.2317,0.2285)0.2295
0.235±0.001 [22]
0.236±0.004 [23]
0.234 [21]
0.231 [24, 25]
0.7910,0.8107
0.812±0.055 [22]
0.794±0.06[23]
0.810 [21, 4]
0.80±0.04 [26, 27, 28]
0.82±0.04 [6]
1.1606
1.161±0.004 [22]
1.161±0.003 [23]
1.161 [21]
1.168 [4]
1.160 [24, 25]
1.1615±0.002 [26, 27, 28]
1.160±0.004 [6]
0.3012
0.311±0.001 [22]
0.302±0.004 [23]
0.305 [24, 25]
0.3020±0.0015 [26, 27, 28]
0.3025±0.0025 [6]
1
(0.6396,0.6171)0.6269
(0.6305,0.6334)0.6330
0.625±0.010 [15] (exp)
0.625±0.006 [15] (exp)
0.630±0.008 [22]
0.6310 [21]
0.630 [4]
0.631 [24, 25]
0.630±0.002 [23]
0.6300±0.0015 [26, 27, 28]
0.628±0.001[29, 5, 19]
0.6305±0.0025 [6]
(0.0811,0.1488)0.1192
(0.1085,0.0999)0.1011
0.110±0.005 [15] (exp)
0.101 – 0.116 [15] (exp)
0.109±0.012 [22]
0.107 [21, 24, 25]
0.110±0.008 [23]
0.7883,0.8058
0.8000±0.0608 [15] (exp)
0.8000±0.0557 [15] (exp)
0.808±0.046 [22]
0.805 [21, 4]
0.781 [24, 25]
0.788±0.003[23]
0.79±0.03 [26, 27, 28]
0.80±0.02 [29, 5, 19]
0.81±0.04 [6]
1.235
1.236±0.008 [15] (exp)
1.23 – 1.25 [15] (exp)
1.238±0.004 [22]
1.241 [21, 4]
1.239 [24, 25]
1.2410±0.004 [23]
1.2410±0.0020 [26, 27, 28]
1.1239±0.004 [6]
0.3236
0.325±0.005 [15] (exp)
0.316 – 0.327 [15] (exp)
0.327±0.004 [22]
0.327 [24, 25]
0.324±0.06 [23]
0.3250±0.0015 [26, 27, 28]
0.3265±0.0025 [6]
2
(0.6776,0.6543)0.6675
(0.6685,0.6737)0.6731
0.672±0.001 [15](exp)
0.671±0.0018 [22]
0.6713 [21]
0.670 [4, 24, 25]
0.669±0.003 [23]
0.6690±0.0020 [26, 27, 28]
0.665±0.001[29, 5, 19]
0.671±0.005 [6]
(-0.0327,0.0371)-0.0025
(-0.0055,-0.0210)-0.0194
-0.013±0.003 [15](exp)
-0.0124±0.0270 [22]
-0.0129 [21]
-0.010 [24, 25]
-0.007±0.009 [23]
-0.0127±0.0003 [20](exp)
-0.022 [30](exp)
-0.026±0.004 [31](exp)
0.7872,0.8023
0.807±0.038 [22]
0.800 [21, 4]
0.780 [24, 25]
0.78±0.01[23]
0.78±0.025 [26, 27, 28]
0.79±0.02 [29, 5, 19]
0.80±0.04 [6]
1.3047
1.310±0.019 [22]
1.318 [21, 4]
1.315 [24, 25]
1.316±0.009 [23]
1.3160±0.0025 [26, 27, 28]
1.315±0.007 [6]
0.3437
0.343±0.009 [22]
0.348 [24, 25]
0.346±0.009 [23]
0.3455±0.002 [26, 27, 28]
0.3485±0.0035 [6]
3
(0.7104,0.6901)0.7057
(0.7030,0.7106)0.7099
0.700 – 0.725 [15] (exp)
0.709±0.030 [22]
0.7072 [21]
0.705 [4]
0.706 [24, 25]
0.705±0.005 [23]
0.705±0.003 [26, 27, 28]
0.79±0.02[29, 5, 19]
0.710±0.007 [6]
(-0.1312,-.0704)-0.1172
(-0.1090,-0.1317)-0.1298
-0.09 – -0.12 [15] (exp)
-0.126±0.045 [22]
-0.122 [21]
-0.117 [24, 25]
-0.115±0.015 [23]
0.7877,0.8003
0.7448 – 0.7714 [15](exp)
0.807±0.031 [22]
0.797 [21, 4]
0.780 [24, 25]
0.78±0.02[23, 26, 27, 28]
0.79±0.02 [29, 5, 19]
0.79±0.04 [6]
1.3957
1.40±0.03 [15](exp)
1.378±0.037 [22]
1.390 [21]
1.387 [4]
1.386 [24, 25]
1.390±0.01 [23]
1.386±0.004 [26, 27, 28]
1.390±0.010 [6]
0.3585
0.35±0.03 [15](exp)
0.359±0.013 [22]
0.366 [24, 25]
0.362 [23]
0.3645±0.0025 [26, 27, 28]
0.368±0.004 [6]
3.1. Critical exponents from lattice models
The critical exponents obtained from the continuum φ4 field theory must be comparable with
the ones computed in discrete lattice models using the position-space renormalization. The critical
exponents for lattice models are solved in the case of square [32], triangular [33] and other fractal
lattice models [34, 35, 36] for d ≤ 2. Martinelli and Parisi obtained for square lattice [32]
1
ν(%)
= 0.687 + 1.14%− 1.21%2
4
Table 5: Critical exponents ν (S′(1/B3),S2(1/K3)), α (S′(1/B3),S2(1/K3)), ω(H4), γ and β compared with other
theoretical results [22, 4, 24, 25] for d = 3, n < 0 and n > 3.
n ν α ω γ β
-2
1/2,1/2
1/2 [22]
1/2,1/2
1/2 [22]
0.8186
0.831±0.077 [22]
1
1 [22]
1/4
1/4 [22]
4
0.7449,0.7428
0.744±0.043 [22]
0.737 [4]
0.738 [24, 25]
-0.2346,-0.2284
-0.232±0.064 [22]
-0.213 [24, 25]
0.7996
0.809±0.026 [22]
0.795 [4]
0.783 [24, 25]
1.4513
1.442±0.056 [22]
1.451 [4]
1.449 [24, 25]
0.3759
0.374±0.018 [22]
0.382 [24, 25]
5
0.7775,0.7717
0.776±0.055 [22]
0.767 [4]
0.766 [24, 25]
-0.3324,-0.3151
-0.328±0.082 [22]
-0.297 [24, 25]
0.8002
0.812±0.022 [22]
0.795 [4]
0.788 [24, 25]
1.4987
1.501±0.076 [22]
1.511 [4]
1.506 [24, 25]
0.3905
0.388±0.022 [22]
0.396 [24, 25]
6
0.8014,0.7968
0.804±0.066 [22]
0.790 [4, 24, 25]
-0.4042,-0.3903
-0.414±0.099 [22]
-0.370 [24, 25]
0.8019
0.814±0.019 [22]
0.797 [4]
0.793 [24, 25]
1.5391
1.554±0.095 [22]
1.558 [4]
1.556 [24, 25]
0.4027
0.399±0.025 [22]
0.407 [24, 25]
7
0.8171,0.8183
0.829±0.075 [22]
0.810 [4]
0.811 [24, 25]
-0.4513,-0.4550
-0.489±0.0113 [22]
-0.434 [24, 25]
0.8047
0.818±0.016 [22]
0.802 [4]
0.800 [24, 25]
1.5736
1.601±0.112 [22]
1.599 [4, 24, 25]
0.4124
0.409±0.028 [22]
0.417 [24, 25]
8
0.8273,0.8368
0.851±0.083 [22]
0.829 [4]
0.830 [24, 25]
-0.4818,-0.5105
-0.553±0.125 [22]
-0.489 [24, 25]
0.8083
0.821±0.014 [22]
0.810 [4]
0.808 [24, 25]
1.6030
1.643±0.127 [22]
1.638 [4]
1.637 [24, 25]
0.4200
0.416±0.030 [22]
0.426 [24, 25]
9
0.8350,0.8526
0.869±0.089 [22]
0.850 [4]
0.845 [24, 25]
-0.5050,-0.5578
-0.608±0.134 [22]
-0.536 [24, 25]
0.8125
0.825±0.012 [22]
0.817 [4]
0.815 [24, 25]
1.6282
1.680±0.140 [22]
1.680 [4]
1.669 [24, 25]
0.4260
0.422±0.032 [22]
0.433 [24, 25]
10
0.8422,0.8661
0.884±0.093 [22]
0.866 [4]
0.859 [24, 25]
-0.5267,-0.5982
-0.654±0.140 [22]
-0.576 [24, 25]
0.8171
0.828±0.010 [22]
0.824 [4]
0.822 [24, 25]
1.6503
1.713±0.150 [22]
1.713 [4]
1.697 [24, 25]
0.4309
0.426±0.032 [22]
0.440 [24, 25]
12
0.8559,0.8875
0.908±0.098 [22]
0.890 [4]
0.881 [24, 25]
-0.5676,-0.6625
0.0726±0.147 [22]
-0.643 [24, 25]
0.8273
0.836±0.007 [22]
0.838 [4]
0.836 [24, 25]
1.6856
1.765±0.163 [22]
1.763 [4]
1.743 [24, 25]
0.4389
0.480±0.032 [22]
0.450 [24, 25]
14
0.8678,0.9033
0.925±0.099 [22]
0.905 [4]
0.898 [24, 25]
-0.6033,-0.7099
-0.777±0.148 [22]
-0.693 [24, 25]
0.8378
0.843±0.006 [22]
0.851 [4]
0.849 [24, 25]
1.7134
1.804±0.170 [22]
1.795 [4]
1.779 [24, 25]
0.4449
0.486±0.031 [22]
0.457 [24, 25]
16
0.8779,0.9151
0.938±0.097 [22]
0.918 [4]
0.911 [24, 25]
-0.6338,-0.7454
-0.814±0.146 [22]
-0.732 [24, 25]
0.8480
0.850±0.004 [22]
0.862 [4]
0.861 [24, 25]
1.7356
1.833±0.172 [22]
1.822 [4]
1.807 [24, 25]
0.4496
0.490±0.030 [22]
0.463 [24, 25]
18
0.8901,0.9241
0.946±0.095 [22]
0.929 [4]
0.921 [24, 25]
-0.6704,-0.7833
-0.840±0.142 [22]
-0.764 [24, 25]
0.8576
0.856±0.003 [22]
0.873 [4]
0.871 [24, 25]
1.7615
1.856±0.171 [22]
1.845 [4]
1.829 [24, 25]
0.4546
0.492±-0.028 [22]
0.468 [24, 25]
20
0.9016,0.9310
0.953±0.091 [22]
0.938 [4]
0.930 [24, 25]
-0.7049,-0.7930
-0.861±0.137 [22]
-0.789 [24, 25]
0.8664
0.862±0.002 [22]
0.883 [4]
0.880 [24, 25]
1.7859
1.873±0.168 [22]
1.864 [4]
1.847 [24, 25]
0.4596
0.493±0.026 [22]
0.471 [24, 25]
24
0.9208,0.9406
0.963±0.084 [22]
0.950 [4]
0.942 [24, 25]
-0.7624,-0.8219
-0.889±0.126 [22]
-0.827 [24, 25]
0.8818
0.873±0.001 [22]
0.900 [4]
0.896 [24, 25]
1.8270
1.898±0.158 [22]
1.890 [4]
1.874 [24, 25]
0.4677
0.429±0.023 [22]
0.477 [24, 25]
28
0.9353,0.9468
0.969±0.077 [22]
0.959 [4]
0.951 [24, 25]
-0.8059,-0.8405
-0.907±0.116 [22]
-0.854 [24, 25]
0.8942
0.882±0.000 [22]
0.913 [4]
0.909 [24, 25]
1.9038
1.915±0.148 [22]
1.909 [4]
1.893 [24, 25]
0.4737
0.427±0.021 [22]
0.481 [24, 25]
∞ 1,1
1 [22]
-1,-1
-1 [22]
1
1 [22]
2
2 [22]
1/2
1/2 [22]
5
(%→ 1) as ν(1) = 0.94. We convert to a CE, 0.687 exp(1.6594 exp(−1.8911)) = 1/1.1332. Similarly
Caracciolo obtained for triangular lattice [33]
21/ν(%) = 1.6786 + 0.5344%− 0.3952%2
(% → 1) as ν(1) = 1.1609. We convert it to a CE, 1.6786 exp(0.3184 exp(−0.8987)) to evaluate
ν=1.0704. From the CE and CF of 1/ν and ω of φ4 theory we get ν(1/B4) = 1.0892, ω(H4) = 1.3127
with n = 1 for d = 2 (Considering the oscillating sequence of partial sums for CE of 1/ν and CF of ω
converge more rapidly from the side 1/B2, 1/B4 and H2,H4 respectively for n < 2 and d < 3)*. Our
results seem to match better than previous values with the exact results ν = 1, ω = 1.33 [15]. For
comparing with the results obtained from the fractal lattice we do not consider the fractal dimension
(FD), but rather the dynamical dimension (average number of bonds per lattice side ∼ d) to obtain
the critical exponents ν, γ (n = 1) from φ4 theory and compare with the literature for fractals d < 2
in table 6. We obtain the exact results in case of d = 1.994, 1.795 for ν and d = 1.852 for γ, and for
other cases we observe the sequence of approximants 1/B2, 1/B4 for ν and similarly B2, B4 for γ
seem to converge, comparable to the value in literature.
Table 6: Critical exponents ν(1/B2,1/B4) and γ(B2,B4) for fractal lattice models with n = 1 for d < 2 compared
with literature [34, 35, 36].
FD d ν γ
1.934 1.958
1.1440,1.1245
1.08 [34]
1.13 [36]
2.0936,2.0358
2.14 [36]
1.832 1.852
1.2443,1.2236
1.49 [34]
1.20 [36]
2.2460,2.1841
2.18 [36]
1.861 1.795
1.3051,1.2838
1.28 [34]
1.48 [36]
2.3368,2.2727
2.6 [36]
1.893 1.909
1.1884,1.1684
1.12 [34]
1.32 [36]
2.1615,2.1019
2.22 [36]
1.723 1.721
1.3922,1.3701
1.53 [34]
1.45,1.51 [36]
2.4652,2.3981
2.5,2.9 [36]
1.975 1.983
1.1224,1.1032
1.08 [34]
1.083 [35]
1.04 [36]
2.0605,2.0037
1.90 [35]
1.84 [36]
1.862 1.825
1.2724,1.2515
1.29 [34]
2.2882,2.2252
1.989 1.994
1.1132,1.0941
1.09 [34]
2.0462,1.9899
1.730 1.721
1.3922,1.3701
1.70 [34]
2.4652,2.3981
1.985 1.994
1.1132,1.0941
1.09 [34]
2.0462,1.9899
1.799 1.744
1.3641,1.3422
1.37 [34]
2.4239,2.3578
1.943 1.907
1.1903,1.1702
1.19 [34]
2.1644,2.1047
1.862 1.825
1.2724,1.2515
1.35 [34]
2.2882,2.2252
1.806 1.770
1.3334,1.3118
1.51 [34]
2.3788,2.3137
1.766 1.734
1.3762,1.3542
1.64 [34]
2.4417,2.3751
1.896 1.887
1.2094,1.1892
1.31 [34]
2.1934,2.1329
1.835 1.784
1.3174,1.2960
1.48 [34]
2.3551,2.2905
1.933 1.904
1.1931,1.1730
1.26 [34]
2.1687,2.1088
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3.2. Critical exponents for non-integer dimensions
Critical exponents for non-integer dimensions have also been obtained by resummation methods
[37, 38, 39, 40], high-temperature expansion [41] and finite-size-scaling method [42]. To illustrate
this simple method provides reasonable values in different dimensions we compare our results of ν
and γ with n = 1 for 1 < d ≤ 2 in table 7. Similarly for 2 < d < 4 with 0 ≤ n ≤ 4, we compare
our results of ν and γ with other theoretical results [39, 40] in table 8. 1/B2, 1/B4 and B2, B4
seem to converge, comparable to the value in literature. For d ≥ 3, n ≥ 2 condition 1/B1, 1/B3,
1/B5 and B1, B3, B5 sides for ν and γ respectively, seem to converge more rapidly towards the
value in literature complementing the previous statement*. In the limit of n → ∞ the exponents
ν = 1/(d − 2), α = (d − 4)/(d − 2), ω = (4 − d), γ = 2/(d − 2), β = 1/2 and δ = (d + 2)/(d − 2)
(from Widom’s identity, δ = 1 + γ/β) match with exact values.
Table 7: Critical exponents ν(1/B2,1/B4) and γ(B2,B4) for non-integer dimensions with n = 1 compared with
literature [37, 38, 41].
d ν γ
1.250
2.2788,2.2499
2.593 [38]
3.0±1.5 [37]
1.7–3.4 [41]
3.6763,3.5877
3.0±1.0 [37]
1.375
1.9700,1.9432
1.983 [38]
2.1±0.5 [37]
1.6–2.9 [41]
3.2711,3.1888
2.6±0.4 [37]
1.500
1.7222,1.6972
1.627 [38]
1.65±0.20 [37]
1.49–1.84 [41]
2.9340,2.8576
2.35±0.20 [37]
1.650
1.4858,1.4628
1.353 [38]
1.37±0.07 [37]
1.27–1.38 [41]
2.6007,2.5307
2.11±0.08 [37]
1.750
1.3569,1.3351
1.223 [38]
1.23±0.03 [37]
1.18–1.26 [41]
2.4134,2.3475
1.99±0.04 [37]
1.875
1.2212,1.2008
1.098 [38]
1.10±0.01 [37]
1.11–1.13 [41]
2.2112,2.1502
1.862±0.015 [37]
2
1.1083,1.0892
1 [38]
1 [37]
2.0385,1.9824
1.75 [37]
4. Conclusion
We implement simple tools to obtain meaningful answers from divergent power series. In case
of anharmonic oscillator we checked the efficiency of this method by accelerating the convergence.
The most interesting results are this methods treatment in universal critical exponents obtained
using the 5-loop  expansions. Its obvious these simple tools uniquely provide nearly accurate values
for all critical exponents in experimentally observable dimensions two and three, and significantly
a reasonable boundary for values in different dimensions of space. One can try implementing the
convergence behaviour of continued functions in any wide range of solutions to perturbation methods.
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Table 8: Critical exponents ν(1/B2,1/B4) and γ(B2, B4) for non-integer dimensions compared with literature [39, 40].
d
n = 0
ν
γ
n = 1
ν
γ
n = 2
ν
γ
n = 3
ν
γ
n = 4
ν
γ
2.4
0.7334,0.7205
1.4143,1.3748
0.8537,0.8392
0.816 [39]
1.6315,1.5907
1.588 [39]
0.9649,0.9519
0.971 [40]
1.8347,1.8000
1.878 [40]
1.0638,1.0539
1.072 [40]
2.0179,1.9921
2.072 [40]
1.1499,1.1431
1.116 [40]
2.1795,2.1621
2.253 [40]
2.5
0.7059,0.6939
1.3689,1.3332
0.8082,0.7948
0.787 [39]
1.5555,1.5186
1.536 [39]
0.9013,0.8893
0.881 [40]
1.7274,1.6958
1.713 [40]
0.9832,0.9740
0.962 [40]
1.8807,1.8569
1.869 [40]
1.0540,1.0476
1.036 [40]
2.0149,1.9987
2.013 [40]
2.6
0.6811,0.6701
1.3273,1.2954
0.7679,0.7557
0.760 [39]
1.4874,1.4542
1.489 [39]
0.8458,0.8349
0.816 [40]
1.6326,1.6041
1.593 [40]
0.9138,0.9052
0.882 [40]
1.7609,1.7391
1.721 [40]
0.9721,0.9661
0.941 [40]
1.8724,1.8572
1.837 [40]
2.7
0.6586,0.6487
1.2892,1.2611
0.7322,0.7212
0.735 [39]
1.4261,1.3967
1.445 [39]
0.7974,0.7875
0.765 [40]
1.5486,1.5231
1.500 [40]
0.8537,0.8458
0.820 [40]
1.6557,1.6360
1.606 [40]
0.9017,0.8962
0.868 [40]
1.7483,1.7344
1.701 [40]
2.8
0.6383,0.6295
1.2543,1.2299
0.7005,0.6907
0.712 [39]
1.3708,1.3453
1.404 [39]
0.7548,0.7460
0.725 [40]
1.4738,1.4514
1.425 [40]
0.8014,0.7943
0.770 [40]
1.5631,1.5455
1.513 [40]
0.8410,0.8359
0.810 [40]
1.6399,1.6272
1.592 [40]
2.9
0.6199,0.6122
1.2222,1.2015
0.6722,0.6637
0.691 [39]
1.3210,1.2991
1.365 [39]
0.7173,0.7096
0.691 [40]
1.4072,1.3878
1.363 [40]
0.7558,0.7495
0.729 [40]
1.4814,1.4660
1.437 [40]
0.7883,0.7837
0.762 [40]
1.5448,1.5335
1.502 [40]
3.1
0.5880,0.5826
1.1657,1.1517
0.6242,0.6182
0.652 [39]
1.2350,1.2201
1.294 [39]
0.6345(1/B5)
0.639 [40]
1.2517(B5)
1.266 [40]
0.6634(1/B5)
0.665 [40]
1.3076(B5)
1.317 [40]
0.6895(1/B5)
0.687 [40]
1.3590(B5)
1.361 [40]
3.2
0.5742,0.5699
1.1407,1.298
0.6039,0.5991
0.634 [39]
1.1980,1.1862
1.261 [39]
0.6154(1/B5)
0.618 [40]
1.2179(B5)
1.226 [40]
0.6384(1/B5)
0.638 [40]
1.2628(B5)
1.267 [40]
0.6587(1/B5)
0.656 [40]
1.3031(B5)
1.303 [40]
3.3
0.5617,0.5583
1.1177,1.1095
0.5857,0.5820
0.618 [39]
1.1644,1.1555
1.230 [39]
0.5972(1/B5)
0.598 [40]
1.1851(B5)
1.190 [40]
0.6152(1/B5)
0.615 [40]
1.2206(B5)
1.223 [40]
0.6309(1/B5)
0.629 [40]
1.2518(B5)
1.251 [40]
3.4
0.5502,0.5478
1.0966,1.0907
0.5693,0.5666
0.602 [39]
1.1338,1.1275
1.200 [39]
0.5800(1/B5)
0.580 [40]
1.1536(B5)
1.156 [40]
0.5938(1/B5)
0.593 [40]
1.1811(B5)
1.182 [40]
0.6058(1/B5)
0.604 [40]
1.2049(B5)
1.204 [40]
3.5
0.5398,0.5382
1.0770,1.0732
0.5546,0.5528
0.587 [39]
1.1060,1.1018
1.171 [39]
0.5638(1/B5)
0.564 [40]
1.1236(B5)
1.124 [40]
0.5743(1/B5)
0.574 [40]
1.1443(B5)
1.144 [40]
0.5831(1/B5)
0.582 [40]
1.1621(B5)
1.161 [40]
3.6
0.5303,0.5293
1.0590,1.0568
0.5413,0.5402
0.572 [39]
1.0807,1.0783
1.144 [39]
0.5488(1/B5)
0.549 [40]
1.0952(B5)
1.095 [40]
0.5564(1/B5)
0.556 [40]
1.1103(B5)
1.110 [40]
0.5628(1/B5)
0.562 [40]
1.1231(B5)
1.123 [40]
3.7
0.5216,0.5212
1.0424,1.0414
0.5293,0.5288
0.558 [39]
1.0576,1.0564
1.116 [39]
0.5349(1/B5)
0.535 [40]
1.0686(B5)
1.069 [40]
0.5401(1/B5)
0.540 [40]
1.0790
1.079 [40]
0.5445(1/B5)
0.544 [40]
1.0877(B5)
1.087 [40]
3.8
0.5137,0.5136
1.0271,1.0268
0.5185,0.5183
0.544 [39]
1.0366,1.0362
1.087 [39]
0.5222(1/B5)
0.522 [40]
1.0438(B5)
1.044 [40]
0.5254(1/B5)
0.525 [40]
1.0502(B5)
1.050 [40]
0.5280(1/B5)
0.528 [40]
1.0555(B5)
1.056 [40]
3.9
0.5066,0.5065
1.0130,1.0130
0.5088,0.5088
1.0175,1.0174
0.5105(1/B5)
0.511 [40]
1.0210(B5)
1.022 [40]
0.5120(1/B5)
0.512 [40]
1.0239(B5)
1.025 [40]
0.5132(1/B5)
0.514 [40]
1.0264(B5)
1.027 [40]
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